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Ionospheric Modeling
The Key to GNSS Ambiguity Resolution

One of the major obstacles in
resolving ambiguities for
longer baselines is the pres-
ence of unmodeled ionos-

pheric delays. One technique to deal with
this problem is to include ionospheric delay
parameters in the observation equations, and
estimate them as unknown states. 

The purpose of this article is to analyze
this technique in light of the future signals
that will be available through GPS modern-
ization and the deployment of Galileo. A
GNSS software simulator has been used to
generate future signals from both GPS and
Galileo. These simulated measurements have
then been processed by newly developed
GNSS processing software to give experi-
mental results showing the effectiveness of
ionospheric estimation and how this affects
the reliability of ambiguity resolution.

Among other functions, the simulator

generates pseudorange and carrier phase
measurements from GPS and Galileo satel-
lites. The simulated measurements are cor-
rupted by realistic levels of errors due to the
troposphere, the ionosphere, multipath, and
thermal noise. Software developed at the
University of Calgary in Alberta, Canada,
processes these simulated measurements
using a Kalman filter. First, a float ambigu-
ity solution is computed, and if desired, the
Least Squares Ambiguity Decorrelation Ad-
justment (LAMBDA) technique is employed
to search for integer ambiguities.

Four Processing Scenarios
For the experiments conducted for this ar-
ticle, four different processing scenarios have
been examined. 

The first scenario, GPS2, is the current
dual-frequency GPS case and will be used
as a baseline against which other scenarios

will be compared.
GPS3 is the process-

ing scenario of mod-
ernized GPS where all
three carrier phase
measurements (L1, L2,
and L5) will be used
with L2C and L5 civil-
ian pseudorange codes.

GPS/GAL2 is a sce-

nario using both GPS and Galileo measure-
ments, but only the two shared frequencies
of each system (L1/E1 and L5/E5a) are used.
This scenario is likely to have applications in
the aviation industry because the L1/E1 and
L5/E5a bands lie in the reserved Aeronauti-
cal Radio Navigation Service frequency band.

Finally, GPS/GAL3 is a dual-system sce-
nario using triple-frequency GPS and triple-
frequency Galileo measurements together.
Receivers that output all six freely available
carrier–phase measurements will probably
be more expensive due to the complicated
RF front-end and the number of channels
required, but they will provide the most re-
dundancy and best accuracy of all the sce-
narios. The four scenarios are summarized
in Table 1.

Ionospheric Delays
In differential GPS, the ionosphere typically
has been dealt with in one of three ways: It can
be ignored, it can be eliminated using iono-
sphere-free combinations of dual frequency
measurements, or it can be modeled as a state.

Ignoring the Ionosphere. Ignoring the
effects of the ionosphere on GNSS measure-
ments is appropriate when the baseline length
to be measured is short, and the ionospheric
conditions are subdued. In this case, the ef-
fect of the (differential) ionospheric delay is
negligible and can reasonably be ignored.  

Eliminating the Ionosphere. Ionos-
phere-free combinations of data generally
are used for long baselines because the large
residual ionospheric effects are virtually elim-
inated with this combination. Unfortunately,
when ionosphere-free combinations of data
are used, the measurement noise is greatly
increased, and the effective wavelength of
the resulting signal is so short that resolving
integer ambiguities becomes all but im-
possible for short observation time spans.

Modeling the Ionosphere. This ap-
proach works well for both short and long
baselines, and it improves the ability to re-
solve integer ambiguities. Ionospheric mod-
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THE GPS CARRIER-PHASE OBSERVABLE IS MORE THAN 100 TIMES MORE PRECISE THAN THE CODE-BASED
pseudorange observable. Unfortunately, it is also ambiguous. If we want to use the carrier phase as a
range measurement in positioning or navigation, we must account somehow for the unknown integer
number of cycles or turns of phase in the initial phase measurement when a GPS receiver locks onto a
satellite’s L1 or L2 signal carrier. Mathematicians, scientists, and engineers have developed clever tech-
niques for helping to resolve these integer ambiguities either in real time or in post-processing collect-
ed data. However, the success of these techniques in correctly determining the ambiguities depends on
several factors including whether a point or relative positioning technique is employed, the length of the
baseline in relative positioning, and how well a variety of errors afflicting the measurements can be mit-
igated. One source of such errors is the ionosphere. In this month’s column, we examine how ionospher-
ic modeling helps in the resolution of carrier-phase ambiguities and how the rate of success in correct-
ly determining the ambiguities will be much improved when GPS observations are combined with those
of the future Galileo system. — R.B.L.

GNSS Type

GPS
Galileo
GPS
Galileo
GPS
Galileo
GPS
Galileo

Carrier Phase 
L1,L2
—
L1, L2, L5
—
L1, L5
E1, E5a
L1, L2, L5
E1, E5a, E5b

Code
C/A, P2
—
L2C, L5
—
C/A, L5
E1, E5a
L2C, L5
E1, E5a

TABLE 1 Positioning Scenarios

Scenario

GPS2

GPS3

GPS/GAL2

GPS/GAL3

Measurements Used



eling in light of future GNSS signals is the
crux of this article.

Ionospheric Estimation
To model the ionospheric delays as a state,
an additional parameter for each satellite must
be included in the observation equations. 

Three Frequencies. For triple-fre-
quency GPS observations, the double-dif-
ferenced carrier-phase observation equations
become:

(1)
where is the double-differenced car-
rier-phase measurement in meters, is
the double-differenced geometric range in
meters, is the double-differenced
slant ionospheric delay in meters on the L1
frequency,  is the carrier-phase wavelength
in meters,  is the double-differenced
initial ambiguity bias in cycles,  is the car-
rier-phase frequency in Hz, and is the ran-
dom unmodeled measurement noise.

Pseudo-Observation Equation. For
short observation spans, the ionospheric

delay is highly correlated
with the initial carrier-phase
ambiguity because both pa-
rameters are effectively con-
stant biases, which cannot
be separated without a
change in geometry. To alleviate this prob-
lem, a pseudo-observation can be used to
improve the convergence of the ionospheric
delay. The ionospheric pseudo-observation
equation is given by

(2)

where is an externally deter-
mined value of the expected ionospheric delay. 

The pseudo-observation could come from
the GPS broadcast ionospheric model, global
ionosphere maps, such as those provided by
the Center for Orbit Determination in Eu-
rope (CODE) analysis center, or it could
simply be set to zero. The weighting of this
pseudo-observation in the measurement co-
variance matrix has a significant impact on
ambiguity resolution and the accuracy of the
final baseline solution. 

Weighting the Pseudo-Observable.
There are generally three choices of how to
weight the ionospheric pseudo-observable:

ionosphere-fixed, ionosphere float, and ion-
osphere-weighted. These three categories
are summarized in Table 2.

Fixed Model. The ionosphere-fixed
model constrains the ionospheric state to a
constant value. In short baseline applications
when the ionospheric effect is neglected, the
ionosphere-fixed model is used implicitly. 

Float Model. The ionosphere-float
model performs well when long observation
time spans are used, but without an external
observation, the ionospheric state is highly
correlated with the carrier-phase ambigui-
ties causing slow convergence or in some
cases divergence of the state vector. 

Weighted Model. The ionosphere-
weighted model converges more quickly than
the float model because it is initially con-
strained by the ionospheric pseudo-observa-
tion. After convergence, the ionospheric states
are allowed to change with the changing level
of ionospheric activity, which allows the model
to fit the observations more accurately.

However, the weighted model has the dis-
advantage of requiring a suitable variance
for the pseudo-observable. Choosing a suit-
able value for the variance of the pseudo-ob-
servation in the ionosphere-weighted model
is crucial for reliable ambiguity resolution.
For a more detailed explanation of the treat-
ment of ionospheric delays in GPS process-
ing, see Further Reading.

Pseudo-Observable Demo
To demonstrate the effect of the weight of
the ionospheric pseudo-observable, we
processed a simulated 30-kilometer baseline
using different values to weight the ionos-
pheric pseudo-observation. In this test, triple
frequency GPS data (L1, L2 and L5) was
processed at a sampling rate of 1 Hz. 

Figure 1 shows the root-mean-square
ionospheric estimation error results for var-
ious values of the ionospheric pseudo-ob-
servation standard deviation.

The figure clearly shows how the choice
of weighting parameter for the ionospheric
constraint affects the ionospheric estima-
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Variance of Ionospheric
Pseudo-Observable

Model Description

Ionosphere-Fixed
Ionosphere-Weighted
Ionosphere-Float

TABLE 2 Weighting Schemes for the Ionospheric Pseudo-Observable

-

� Figure 1 Ionospheric root-mean-square estimation error using various pseudo-observation stan-
dard deviations for a 30-kilometer baseline



tion. The line with the largest standard de-
viation (magenta), is essentially the float ion-
osphere model because the float model is,
by its nature, a model with a very large stan-
dard deviation for the pseudo-observation.
This model achieves very poor ionospheric
estimation at the beginning of the data set be-
cause the ionospheric pseudo-observation is
deweighted and the ionospheric estimation
relies solely on the noisy pseudorange meas-
urements to observe the ionospheric delay. 

As more data is accumulated, the noisy
code measurements are filtered and the satel-
lite geometry changes, allowing the ionos-
pheric delays to decorrelate from the car-
rier-phase ambiguities. After a period of
convergence, the float model relies almost
exclusively on the more precise carrier-phase
data to observe the ionospheric delays, which
results in very good ionospheric estimation.

At the other end of the spectrum, the dark
blue line (standard deviation of 0.0 meters)
gives the results of the ionosphere-fixed
model. In this model, the initial ionosphere
estimates are better than the initial iono-
sphere estimates of the float model because
the estimates are constrained to zero, which
is closer to the true value than the estimate
from the noisy code data. 

However, as more data is accumulated,
the ionospheric estimates are not allowed to
converge according to the carrier-phase data
because of the tight constraint. This re-
sults in the poorest ionospheric estimation
at the end of the hour-long data set. The
other curves in Figure 1 represent ionos-
pheric standard deviations between zero and
10 meters. These curves demonstrate the
impact of using an appropriately weighted
ionospheric pseudo-observation: the ionos-
pheric estimation is initially constrained, but
relies heavily on the carrier-phase data after
a period of convergence.

Changing Satellites. The distinctive
step seen in Figure 1 at 13:42 is the result of
switching the reference satellite from a lower
to a higher elevation angle satellite. There
is also an anomaly at 13:47 that is particu-
larly accentuated for the lines with larger
ionospheric pseudo-observation standard
deviations. This event is the result of a new
satellite coming into view. For the cases with
the larger standard deviations, the new satel-
lite has more erratic initial estimates, whereas

with the fixed and tightly constrained weighted
ionosphere model, the initial ionospheric es-
timation for the new satellite is better.

Future GNSS Signals
Future GNSS signals will allow improved
ionospheric estimation in three ways. First,
if all three available frequencies are used, the

ionospheric delay will be more observable.
This means that the same parameter (the
ionospheric delay on the L1 signal) is observed
by three separate carrier-phase observations,
increasing the redundancy of the problem.

Second, the future code measurements
will be more precise and more resilient to
multipath errors than the current C/A-code

� Figure 2 Ionospheric delay estimation error with various processing scenarios using the weighted
ionosphere model 



and the reconstructed P2-code. Third, when
a combined GPS and Galileo system is used,
the number of satellites is increased. These
three factors enable faster convergence of
the ionospheric states.

Figure 2 shows the root-mean-square
error of ionospheric delay estimation for the
various processing scenarios outlined in
Table 1 using the weighted ionosphere
model. For all the positioning scenarios, a
simulated 30-kilometer baseline in Calgary
was processed in kinematic mode with float
ambiguities. The observational time span
was one hour and the data sampling inter-
val was five seconds. A sampling of values
for the ionospheric pseudo-observation stan-
dard deviation was used, but in all cases, the
actual pseudo-observation was set to zero.  

There is a marked difference in the re-
sults of positioning scenarios that do and do
not use Galileo measure-
ments. Clearly, the in-
creased number of satel-
lites and the precise
pseudorange codes will
have a significant impact
on the ability to estimate
the ionospheric delay
quickly. Once again, the
steps at 13:42 are the re-
sult of a reference satellite
switch and the small dis-
continuities seen at 13:47
are from an additional
satellite becoming visible. 

Ambiguity
Resolution 
Estimating the ionos-
pheric delay in itself is not
useful for positioning ap-
plications. The reason for
desiring accurate esti-
mates of the ionospheric
delays is to enable better
estimation of the float am-
biguities, which leads to
faster, more reliable inte-
ger ambiguity fixing and
better precision of the
baseline components.

To evaluate the ability
of each positioning sce-
nario to find the correct

set of integer ambiguities, instantaneous am-
biguity resolution was attempted every 200
seconds between 7:00 and 22:00 local time
in Calgary. In the context of this study, in-
stantaneous ambiguity resolution is defined
as ambiguity resolution after only two epochs
of 1-hertz data. 

Before each attempt at ambiguity resolu-
tion, the filter was completely reset so that
no a priori data was used. This test was con-
ducted during the peak of the diurnal iono-
sphere cycle. We varied the baseline length
from 10 to 80 kilometers and processed the
data using all four of the positioning scenar-
ios described in Table 1. 

Weighted Model. The weighted iono-
sphere model was used to estimate the ionos-
pheric delay states and the standard devia-
tion of the ionospheric pseudo-observation
was varied from 0.3 to 2.5 meters. The rov-

ing receiver was assumed to be kinematic and
a medium level of ionospheric activity (for Cal-
gary) was applied to the simulated observa-
tions. Since simulated data was used, the cor-
rect integer values of the ambiguities are
known and the percentage of trials finding this
correct ambiguity set are plotted in Figure 3.

The first deduction from Figure 3 is that
the scenarios that include Galileo measure-
ments find the correct ambiguity set more
often than the GPS–only scenarios regard-
less of the value of the ionospheric pseudo-
observation or the baseline length. This re-
sult corresponds to the previous plot where
it was found that the scenarios using com-
bined GPS and Galileo signals provided more
precise estimates of the ionospheric delays.

A second observation from Figure 3 is that
the GPS2 and GPS3 scenarios appear to ex-
hibit a distinct maximum in percent of cor-

rect ambiguity sets. The
maximum is most pro-
nounced for baseline
lengths of 10, 20, and 30
kilometers where the
maximum values occur at
ionospheric pseudo-ob-
servation standard devi-
ations of 0, 0.5, and 0.9
meter for GPS2 and 0,
0.7, and 0.9 meter for
GPS3. Other investiga-
tors have found a similar
phenomenon using real
dual-frequency GPS data
(see Further Reading).

The maximum indi-
cates an optimal balance
between weighting the
ionospheric pseudo-ob-
servation and the code ob-
servations. If there is too
much weight on the
pseudo-observation, the
ionospheric delay states
are too tightly constrained;
whereas, if there is not
enough weight on the
pseudo-observations, the
solution relies too heavily
on the code observations
and the ionospheric delay
states become corrupted
by the noise and multipath

� Figure 3 Percentage of correct ambiguity sets versus ionospheric pseudo-observation
standard deviation 
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of the code measurements. 
Interestingly, a distinct max-

imum value is not seen in the
cases of GPS/GAL2 or
GPS/GAL3. In these position-
ing scenarios, the percentage
of correct ambiguity sets re-
mains fairly constant for a wide
range of ionospheric constraint
standard deviations. This is un-
derstandable when referring
back to Figure 2.

GPS + Galileo. When
GPS and Galileo are used to-
gether, the improved geome-
try and more precise pseudo-
range measurements enable
very fast and accurate estima-
tion of the ionospheric states.
In fact, the ionospheric delay
states are estimated so well, that
the error in the ionospheric es-
timation is no longer the fac-
tor that limits the ability to find
the correct ambiguity set.

Consequently, any improvement in the
ability to find the correct ambiguity set re-
sulting from the ionospheric constraint is al-
most imperceptible. For the 80-kilometer
baseline, when the percentage of correct am-
biguities is less than 100 percent, the cause is
not the error in estimating the ionosphere, but
rather, the other unmodeled error sources (that
is, residual tropospheric effects). Therefore,
the choice of ionospheric pseudo-observation
standard deviation is inconsequential as long
it does not constrain the ionospheric delays to
an incorrect value too tightly.

This analysis illustrates the difficulty in
trying to model ionospheric delays as addi-
tional unknown parameters for currently
available GNSS systems: It is crucial to find
an optimal weight for the ionospheric
pseudo-observation. However, the problem
of finding an optimal value for weighting the
ionospheric constraint is essentially elimi-
nated when using GPS and Galileo obser-
vations together because an ionospheric
pseudo-observation is not needed at all.

Ambiguity Validation. The preceding
test examined the ability to find the correct
integer ambiguity set. However, the major
issue in precise GNSS applications is not
only whether or not the correct ambiguity

set can be found, but rather whether or not
a potential ambiguity set can be successfully
validated as correct or incorrect. 

Ratio Test. To accomplish the task of val-
idation, a ratio test can be used. In the soft-
ware used for this study, the ratio that has
been implemented is given by:

(3)

where is the vector of estimated real-val-
ued ambiguities, is the ith potential set of
integer ambiguities, is the cofactor ma-
trix of the float ambiguities, is the
weighted sum of squared residuals from the
float ambiguities, subscripts 1 and 2 refer to
the best and second best integer ambiguity
solutions, and k is some constant value. This
test can be understood intuitively as the ratio
of the distances between the float ambigu-
ity set and the best and second-best integer
ambiguity sets. If the above inequality is true,
the best potential set of ambiguities is ac-
cepted as the correct one. The constant
value, k, is chosen empirically and depends
on the desired balance between speed of am-
biguity resolution and level of confidence in
the ambiguity fixed solution. Other forms

of the ratio test exist, but they
all require a user-defined con-
stant to indicate the desired
level of confidence (see Fur-
ther Reading).

Effect of Future Signals.
To evaluate the effect of future
signals on ambiguity validation
performance, a test was con-
ducted in which instantaneous
ambiguity resolution was per-
formed every 200 seconds dur-
ing  periods of the day that ex-
perienced peak ionospheric
activity (7:00–22:00 local time). 

For this test, we used the
ionosphere weighted model to
estimate the ionospheric states
and we used the optimal
ionospheric pseudo-observa-
tion standard deviations from
Figure 3. The constant value
for k in Equation (3) was set
to 2.0, which is a commonly
used value. 

Figure 4 shows the percentage of trials
that found the correct ambiguity set (dark
blue bars), the percentage of trials that found
the correct ambiguity set and generated a
ratio value above the threshold of 2.0 (light
green bars), and the percentage of trials that
did not find the correct ambiguity set, but
still had a ratio value above the threshold of
2.0 (burgundy bars). 

The preceding figure shows an important
feature of using triple frequency data versus
dual frequency data. When looking at the
10-kilometer baseline in the GPS2 and
GPS3 scenarios, it can be seen that the per-
centage of correct ambiguity sets that were
found is only slightly more for the triple fre-
quency case than for the dual frequency case. 

For the GPS3 scenario, 100 percent of
the ambiguity sets were correct; whereas, for
the GPS2 scenario, 95 percent of the ambi-
guity sets were correct. However, the per-
centage of correct ambiguity sets that were
successfully validated in the triple frequency
case is substantially more than in the dual
frequency case. Only 17 percent of the cor-
rect ambiguity sets in the GPS2 scenario
were successfully validated; whereas, 58 per-
cent of the correct ambiguity sets in the
GPS3 scenario were successfully validated. 

� Figure 4 Instantaneous ambiguity validation as a function of baseline length 



The same phenomenon is witnessed when
looking at the GPS/GAL2 and GPS/GAL3
scenarios. The triple frequency case provides
more successful ambiguity validation despite
having similar integer ambiguity search per-
formance. The reason for this improvement
in ambiguity validation is because the triple
frequency scenarios have a greater redun-
dancy than the dual frequency cases. As a re-
sult, the correct ambiguity set stands out more
clearly as the vector with the smallest distance
between the float and fixed ambiguities.

Conclusions
We have shown that there will be significant
improvements in the ability to estimate
ionospheric delay parameters quickly and
precisely when GPS and Galileo observa-
tions are used together. 

When using only GPS measurements for
medium length baselines (10 to 30 kilome-
ters), it is advantageous to use an ionospheric
pseudo-observable to constrain the ionos-
pheric delay states to a fixed value. However,
one of the difficulties in using an ionospheric
constraint is that it is very difficult to find an
optimal weight for the constraint equation.
This problem is largely avoided when using
GPS and Galileo measurements together
because improved ionospheric estimation

enables one to omit any external constraints. 
The best results are obtained when using

GPS and Galileo measurements together
and estimating the ionospheric delays as un-
known parameters without the use of a con-
straining pseudo-observation.

The use of three frequencies greatly im-
proves the ability to successfully validate cor-
rect ambiguity sets compared with dual fre-
quency systems. The additional third
frequency for both GPS only and combined
GPS/Galileo systems provides only mar-
ginal improvement in finding correct ambi-
guity sets. However, the improved redun-
dancy causes the correct ambiguity set to
stand out more clearly as the correct solu-
tion when using a ratio test for validation.
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